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The one loop renormalization of the effective Higgs sector and
its implications
Qi-Shu YAN∗ and Dong-Sheng Du†
Theory division, Institute of high energy physics, Chinese academy of sciences, Beijing
100039, Peoples’ Republic of China
We study the one-loop renormalization the standard model with anoma-
lous Higgs couplings (O(p2)) by using the background field method, and
provide the whole divergence structure at one loop level. The one-loop
divergence structure indicates that, under the quantum corrections, only
after taking into account the mass terms of Z bosons (O(p2)) and the whole
bosonic sector of the electroweak chiral Lagrangian (O(p4)), can the effec-
tive Lagrangian be complete up to O(p4).
I. INTRODUCTION
In the last paper [1], we have considered the one-loop renormalization of the elec-
troweak chiral Lagrangian (EWCL) without Higgs boson up to O(p4) and have derived
its renormalization group equations. The real world might exist a light Higgs boson, as
preferred by the supersymmetric models and indicated at the LEP. So to take into account
a light Higgs boson in the EWCL O(p4) is necessary in phenomenologies.
In this paper, we study the one loop divergence structures of the effective Higgs sector
up to O(p2) [2], so as to ascertain the set of complete operators up to O(p4). We also
intend to provide a reference to the renormalization of the extended EWCL with effective
Higgs sector.
The parameterization of the effective Higgs sector has been conducted in the work of
R. S. Chivukula and V. Koulovassilopoulos [2]. The phenomenologies of those anomalous
couplings of Higgs sector has been considered in [3]. Below just for the sake of convenience,
we formulate the effective Higgs sector as
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1
L = −H1 −H2 − k′ (v1 + h)
2
4
tr[DU † ·DU ]− v
2
2
4
tr[DU † ·DU ]
−1
2
∂h · ∂h− m
2
H
2
h2 − λ3
3!
h3 − λ4
4!
h4 . (1)
H1 =
1
4
W aµνW
aµν , (2)
H2 =
1
4
BµνB
µν , (3)
This way of parameterization is equivalent to that one given in [2]. and the relations
between our parameterization and the one in [2] is
v1 = V0
k
k′
, v2 = V0
√
1− k
2
k′
, V 20 = k
′v21 + v
2
2 . (4)
Where v1 just indicates that part of the vacuum expectation value yields by the Higgs
potential of h, while the v2 parameterize the extra origin of vacuum expectation value
different from the contribution of 〈h〉.
The convention of this paper is as the same as given in [1], and we will conduct all the
calculations in the Euclidean space. The related definitions omitted here can be found
in [1].
The structure of this paper is organized as following. In the section II, we will introduce
the background field gauge. In the section III, we provide the quadratic terms relevant
to the master formula of the one loop counter term. In the section IV, we provide the
necessary steps as how to extract the relevant divergences. In the section V, we use
the Schwinger proper time [6] and short distance expansion [7] to extract the desired
divergences. We end this paper with some discussions and conclusions.
II. THE BACKGROUND FIELD METHOD AND THE GAUGE FIXING
TERMS
In the spirit of the background field gauge quantization [4], we can decompose the
Goldstone field into the classic part U and quantum part ξ as
U → UÛ , Û = exp{ i2ξ√
k′V
} , (5)
where V = v1 + h. To parameterize the quantum Goldstone field in the above form is to
simplify the presentation of the standard form of quadratic terms. The vector fields in
the mass eigenstates are split as
2
Vµ → V µ + V̂µ , (6)
where V µ represents the classic background vector fields and V̂µ represents the quantum
vector fields.
By using the Stueckelberg transformation [5] for the background vector fields, we have
W
s a → U †WU + iU †∂U ,B → B .Ŵ s a → U †ŴU , B̂ → B̂ , (7)
so the background Goldstone fields can completely be absorbed by redefining the back-
ground vector fields, and will not appear in the one-loop effective Lagrangian.
The Stueckelberg fields is invariant under the gauge transformation of the background
gauge fields, such a property guarantees that the following computation is gauge invariant
with respect to the background gauge transformation from the beginning if we can express
all effective vertices into the Stueckelberg fields. After the loop calculation, by using
the inverse Stueckelberg transformation, the Lagrangian can be restored to the form
represented by its low energy degrees of freedom.
Similarly, the Higgs scalar is split as
h = h+ ĥ , (8)
where the h and ĥ represent the background and quantum Higgs, respectively.
The equation of motion of the background vector fields is given as
DµW˜νµ = −σ0,V V ν , (9)
σ0,V = k
′R2
1
4
dia{0, G2, g2, g2}V 2. (10)
with W˜µν,T = {Aµν + ieF µνZ , Zµν − ig
2
G
F µνZ , W˜
+,µν, W˜−,µν}. The σ0,V is the mass matrix
of the vector boson. The EOM of vector bosons derives the following relations
∂ lnV · Z = −R2
2
∂ · Z , (11)
∂ lnV ·W+ = −R2
2
[
d ·W+ + i1
2
g′2
G
Z ·W+
]
, (12)
∂ lnV ·W− = −R2
2
[
d ·W+ − i1
2
g′2
G
Z ·W+
]
, (13)
R2 =
k′h
2
+ 2V0kh+ V
2
0
k′V 2
= 1 +
v22
k′V 2
. (14)
These relations are helpful to eliminate terms, like ∂h · Z, in the loop calculations.
The equation of motion of the background Higgs field is determined as
3
∂2h = V [k′
1
4
OWZ + E1 + E3V 2] + E2V 2 + E0 , (15)
E0 = −m2Hv1 +
λ3v
2
1
2
− λ4
6
v31
E1 = λ4
2
v21 − λ3v1 +m2H
E2 = λ3 − λ4v1
2
E3 = λ4
6
OWZ = G2Z · Z + 2g2W+ ·W− . (16)
When E0 and E2 vanish and k′ = k = 1, the equation of motion of the background Higgs
field restores to that of the SM.
To guarantee the quadratic terms to have the standard form given in Eq. (26), the
gauge fixing terms of the quantum fields are chosen as
LGF,A = −1
2
(∂ · Â− ie(Ŵ− ·W+ − Ŵ+ ·W−))2 , (17)
LGF,Z = −1
2
(∂ · Ẑ − 1
2
√
k′GV R2ξZ + i
g2
G
(Ŵ− ·W+ − Ŵ+ ·W−))2 , (18)
LGF,W = −(d · Ŵ+ + 1
2
g
√
k′V R2ξ
+
W + i
g2
G
Z · Ŵ+ − ig
2
G
W
+ · Ẑ + ieW+ · Â)
(d · Ŵ− + 1
2
g
√
k′V R2ξ
−
W − i
g2
G
Z · Ŵ− + ig
2
G
W
− · Ẑ − ieW− · Â) . (19)
These gauge fixing terms are the ’t Hooft and Feynman gauge in the backgound gauge
method, and will make the massive vector bosons, the corresponding Goldstones and
ghost, to have the same masses.
III. THE QUADRATIC FORMS OF THE ONE-LOOP LAGRANGIAN
Up to one loop level, only the quadratic terms of the quantum fields are relevant, and
they can be cast into the following standard form
Lquad = 1
2
V̂ aµ✷
µν,ab
V V V̂
b
ν +
1
2
ξi✷ijξ ξξ
j + c¯a✷abc¯cc
b +
1
2
hˆ✷hhhˆ
+
1
2
V̂ †,aµ
↼
X
µ,aj
ξ ξ
j +
1
2
ξ†,i
⇀
X
ν,ib
ξ V̂
b
ν
+
1
2
V̂ †,aµ
↼
X
µ,a
h ĥ+
1
2
ĥ
⇀
X
µ,a
h V̂
a
µ +
1
2
ξ†,iX iξhĥ+
1
2
ĥX ihξξ
i , (20)
✷
µν,ab
V V = D
2,abgµν + σab0,V V g
µν + σµν,ab2,V V , (21)
4
✷
ij
ξ ξ = R2
[
d2,ij + σij0,ξξ + σ
ij
2,ξξ + σ
ij
2,HK,ξξ
]
, (22)
✷hh = ∂
2 + σhh , (23)
✷
ab
c¯c = D
2,ab + σab0,V V , (24)
X ihξ = X
α,i
hξ dα +X
i
hξ,2 , (25)
X iξh = X
α,i
ξh ∂α +X
i
ξh,2 (26)
where V † = (A,Z,W−,W+) and ξ† = (ξZ , ξ
−, ξ+).
And the covariant differential operators D = ∂ + ΓV and d = ∂ + Γξ. The gauge
connection of vector bosons ΓV is defined as
ΓabV,µ =

0 0 ieW−µ −ieW+µ
0 0 −ig2
G
W−µ i
g2
G
W+µ
ieW+µ −ig
2
G
W+µ −ieAµ + ig
2
G
Zµ 0
−ieW−µ ig
2
G
W−µ 0 ieAµ − ig
2
G
Zµ
 .
The gauge connection of Goldstone bosons Γξ is defined as
Γξ,µ =

0 ig
2
W−µ −ig2W+µ
ig
2
W+µ −ieAµ 0
−ig
2
W−µ 0 ieAµ
 .
The mass matrix of the Goldstone bosons have the following form
σij0,ξξ = k
′R2
1
4
dia{G2, g2, g2}V 2 . (27)
Due to the gauge fixing terms we have chosen, the massive vector bosons have the same
mass with their corresponding Goldstone bosons.
The matrix σ2,V V reflects that the vector bosons are the spin 1 particles, and is given
below as
σµν,ab2,V V =

σµν2,AA σ
µν
2,AZ σ
µν
2,AW+ σ
µν
2,AW−
σµν2,ZA σ
µν
2,ZZ σ
µν
2,ZW+ σ
µν
2,ZW−
σµν2,W−A σ
µν
2,W−Z σ
µν
2,W−W+ σ
µν
2,W−W−
σµν2,W+A σ
µν
2,W+Z σ
µν
2,W+W+ σ
µν
2,W+W−
 ,
and the components read
σµν2,AA = σ
µν
2,AZ = σ
µν
2,ZA = σ
µν
2,ZZ = 0 ,
σµν2,AW+ = −σµν2,W+A = 2ieW˜−,µν ,
5
σµν2,AW− = −σµν2,W−A = −2ieW˜+,µν ,
σµν2,ZW+ = −σµν2,W+Z = −2i
g2
G
W˜−,µν ,
σµν2,ZW− = −σµν2,W−Z = 2i
g2
G
W˜+,µν ,
σ2,W−W+ = −σ2,W+W− = 2igW 3,µν ,
σ2,W+W+ = σ2,W−W− = 0 , (28)
There is no deviation from the gauge theory without spontaneous symmetry breaking if
the anomalous operators O(p4) have not been taken into account.
The matrix σ2,ξξ indicates that Goldstone bosons are spin 0 particles, and is given as
σij2,ξξ =

σ2,ξZξZ σ2,ξZξ+ σ2,ξZξ−
σ2,ξ−ξZ σ2,ξ−ξ+ σ2,ξ−ξ−
σ2,ξ+ξZ σ2,ξ+ξ+ σ2,ξ+ξ−
 ,
and its components read
σ2,ξZξZ =
g2
2
W+ ·W−,
σ2,ξ+ξ+ = −g
2
4
W− ·W− ,
σ2,ξ−ξ− = −g
2
4
W+ ·W+ ,
σ2,ξZξ+ = σ2,ξ+ξZ =
gG
4
W− · Z ,
σ2,ξZξ− = σ2,ξ−ξZ =
gG
4
W+ · Z ,
σ2,ξ+ξ− = σ2,ξ−ξ+ =
g2
4
W+ ·W− + G
2
4
Z · Z . (29)
The matrix σ2,HK,ξξ includes the terms related with the equation of motion of the back-
ground Higgs field, which has the form −σ2,HK13×3, while σ2,HK is given as
σ2,HK = σ2,HK,0 − k
′ − 1
4
OWZ − R2 − 1
R2
∂2 lnV , (30)
σ2,HK,0 = −1
4
OWZ − E1 − E3V 2 − E2V − E0
V
, (31)
where σ2,HK,0 represent the part of the SM, while the rest of terms indicate the deviation
due to the anomalous couplings in the Higgs sector if the E0 and E1 vanish.
The σhh is given as
6
σhh = −k
′
4
OWZ − 2E2V − 3E3V 2 − E1 . (32)
Due to the fact that the Higgs scalar is a singlet of the gauge symmetry, there is no vector
fields in the σhh.
The mixing terms between the vector and Goldstone bosons are determined as
↼
X
µ,aj
ξ =
√
k′R2

0 −ig2g′
G
VW−,µ ig
2g′
G
VW+,µ
G∂µh i g
2G
(g2 − g′2)VW−,µ −i g
2G
(g2 − g′2)VW+,µ
−ig2
2
VW+,µ −g∂µh− 1
2
igGV Zµ 0
ig
2
2
VW−,µ 0 −g∂µh + 1
2
igGV Zµ
 ,
While the matrix
⇀
X
µ,aj
ξ is just the rearrangement of the
↼
X
µ,aj
ξ , and here we do not rewrite
it. The mixing terms between vector and Higgs bosons are determined as
↼
X
µ,a
h =
k′
2
{0,−G2V Zµ,−g2VW+,µ,−g2VW−,µ} , (33)
The mixing terms
⇀
X
µ,a
h is the rearrangement of the
↼
X
µ,a
h . The mixing terms between
Higgs and Goldstone bosons are determined as
Xα,ihξ =
√
k′{−GZα, gW−,α, gW+,α} , (34)
X ihξ,2 =
√
k′R2{−G
2
∂ · Z,
[
g
2
d ·W− + i1
2
g′2
G
W− · Z
]
,[
g
2
d ·W+ − i1
2
g′2
G
W+ · Z
]
} (35)
The terms Xα,iξh and X
i
ξh,0 are omitted here.
IV. EVALUATING THE TRACES AND LOGARITHMS
By diagonalizing the quantum fields, we can integrate the quadratic terms of the
Lagrangian by using the Gaussian integral. And the L1−loop can be expressed as the
traces and logarithms
S1−loop = Tr✷c¯c − 1
2
[
Tr ln✷V + Tr ln✷
′
ξξ + Tr ln✷
′′
hh
]
, (36)
where
7
✷
′ij
ξξ = ✷
ij
ξξ −
⇀
Xξ✷
−1
V
↼
Xξ , (37)
✷
′
hh = ✷hh −
⇀
Xh✷
−1
V
↼
Xh , (38)
✷
′′
hh = ✷
′
hh −X ′hξ✷
′−1
ξξ Xξh , (39)
X ′hξ = Xhξ −
⇀
Xh✷
−1
V
↼
Xξ , (40)
X ′ξh = Xξh −
⇀
Xξ✷
−1
V
↼
Xh , (41)
Expanding the Tr ln✷′ξξ and Tr ln✷
′′
hh with the following relations
Tr ln✷′ξξ = Tr ln✷ξξ + Tr ln(1−
⇀
Xξ✷
−1
V
↼
Xξ✷
−1
ξξ ) , (42)
Tr ln✷′′hh = Tr ln✷
′
hh + Tr ln(1−X ′hξ✷
′−1
ξξ Xξh✷
′−1
hh ) . (43)
Since we consider the renormalization of the theory, so we are only interested in those
divergent terms, which can be expressed as∫
x
L1−loop = Tr✷c¯c − 1
2
[
Tr ln✷V + Tr ln✷ξξ + Tr ln✷hh
−Tr(⇀Xξ✷−1V
↼
Xξ✷
−1
ξξ )− Tr(
⇀
Xh✷
−1
V
↼
Xh✷
−1
hh )
−Tr(Xhξ✷−1ξξ Xξh✷−1hh )
−1
2
Tr(Xhξ✷
−1
ξξ Xξh✷
−1
hhXhξ✷
−1
ξξ Xξh✷
−1
hh ) + · · ·
]
. (44)
Due to the property of the Tr, we know that the above equation is independent of the
sequence of integrating-out quantum fields. The omitted terms are finite and will not
contribute to the one-loop divergence structures. Below we will use the Schwinger proper
time and short distance expansion method to extract the related terms from the compact
form of one loop effective Lagrangian given in Eq. (44).
To extract the counter terms, the following two counting rules are necessary: one is
the auxiliary counting rule, which reads
[W
s
µ]a = [∂µ]a = [Dµ]a = 1 , [v1]a = 0 . (45)
From this rule, we know
[σ2,V V ]a = [σ2,ξξ]a = [σ2,hh]a = [σ2,HK]a = [X
i
hξ,2]a = [X
i
ξh,2]a = 2 , (46)
[
↼
X
µ,a
h ]a = [
⇀
X
µ,a
h ]a = [
↼
X
µ,aj
ξ ]a = [
⇀
X
µ,aj
ξ ]a = [X
α,i
ξh ]a = [X
α,i
hξ ]a = 1 . (47)
This rule is intended to count the dimensions of operators with background fields and
their differentials.
8
The other one is the divergence counting rule, which reads
[zµ]d = 1 , [τ ]d = −2 . (48)
By using the Schwinger proper time htkl and short distance expansion method [7], after
integrating over mediate coordinate spaces and proper times, we can exact all the related
divergence structures yielded by the radiative correction. In the Schwinger proper time
method, the standard propagators can be expressed as
〈x|✷−1,abV V ;µν |y〉 =
∫ ∞
0
dτ
(4πτ)
d
2
exp{−ǫF τ} exp
(
− z
2
4τ
)
Hµν,abV V (x, y; τ) , (49)
〈x|✷′−1,abξ ξ |y〉 =
∫ ∞
0
dτ
(4πτ)
d
2
exp{−ǫF τ} exp
(
− z
2
4τ
)
Hξξ,ab(x, y; τ) , (50)
where the ǫF is the Feynman prescription which will be taken to be zero in the final
step, and the z is the distance of two event points y and x which satisfies z = y − x.
The integral over the proper time τ and the factor 1/(4πτ)
d
2 exp (−z2/(4τ)) conspire to
separate the divergent part of the propagator. And theH(x, y; τ) is analytic with reference
to the arguments z and τ , which means that H(x, y; τ) can be analytically expanded with
reference to both z and τ . Then we have
H(x, y; τ) = H0(x, y) +H1(x, y)τ +H2(x, y)τ
2 + · · · , (51)
Hi(x, y) = Hi(x, y)|x=y + zα∂αHi(x, y)|x=y + 1
2
zαzβ∂α∂βHi(x, y)|x=y + · · · (52)
where H0(x, y), H1(x, y), and, H2(x, y) are the Silly-De Witt coefficients. The coefficient
H0(x, y) is the Wilson phase factor, which indicates the phase change of a quantum state
from the point x to the point y and reads
H0(x, y) = exp
∫ y
x
Γ(z) · dz, (53)
where Γ(z) is the affine connection defined on the coordinate point z. Higher order
coefficients are determined by the lower ones by the following recurrence relation
(1 + n+ zµDµ,x)Hn+1(x, y) + (D
2
x + σ)Hn(x, y) = 0 . (54)
All these Silly-De Witt coefficients are gauge covariant with respect to the gauge trans-
formation.
For the case in the following section, here we consider the case Tr ln(1− ⇀X✷−1vec
↼
X✷
−1
scal)
with
↼
X =
↼
X
α
BDα +
↼
XC and
⇀
X =
⇀
X
α
BDα +
⇀
XC . The
↼
X
α
B,
⇀
X
α
B,
↼
XC , and
⇀
XC have the
following dimensions in the auxiliary counting rule,
9
[
↼
X
α
B] = [
⇀
X
α
B] = 1 , [
↼
XC ] = [
⇀
XC ] = 2 . (55)
By using the dimensional regularization and the modified minimal subtraction scheme,
we can extract the divergences of the general term Tr ln(1 − ⇀X✷−1vec
↼
X✷
−1
scal) which have
the following forms
Tr ln(1− ⇀X✷−1vec
↼
X✷
−1
scal) = −
1
ǫ¯
[tBB + tBC + tCC + tBBBB ] ,
tBB = −gαδδ
′α′
12
⇀
X
α
BD
δDδ
′ ↼
X
α′
B −
1
4
⇀
X
α
BΓ
vec
α′α
↼
X
α′
B −
1
4
⇀
X
α
B
↼
X
α′
B Γ
scal
αα′
−1
4
⇀
X
α
BHvec,1
↼
X
α′
B −
1
4
⇀
X
α
B
↼
X
α′
BHscal,1
tBC =
1
2
[
⇀
X
α
BDα
↼
XC −
⇀
XCDα
↼
X
α
B]
tCC =
⇀
XC
↼
XC
tBBBB =
gαα′ββ′
24
⇀
X
α
B
↼
X
α′
B
⇀
X
β
B
↼
X
β′
B . (56)
where Hvec,a and Hscal,1 are the second Silly-De Witt coefficients, and they might have
their Lorentz indices, so the Lorentz indices should be understood as being contracted
(by multiplying metric tensors). The covariant differential operators are defined as
⇀
XD
↼
X =
⇀
X∂
↼
X +
⇀
XΓW
↼
X − ⇀X↼XΓξ ,
⇀
XDD
↼
X =
⇀
X∂∂
↼
X +
⇀
XΓWΓW
↼
X +
⇀
X
↼
XΓξΓξ − 2
⇀
XΓW
↼
XΓξ
+2
⇀
XΓW∂
↼
X − 2⇀X∂↼XΓξ +
⇀
X∂ΓW
↼
X − ⇀X↼X∂Γξ . (57)
And the high rank tensor gαα′ββ′ is defined as
gαβγδ = gαβgγδ + gαγgβδ + gαδgβγ . (58)
It is symmetric under the change of its Lorentz indices.
V. COUNTER TERMS
By using the heat kernel method, the variant of the Schwinger proper time method,
the determinant of the D’Alamber operators can be easily evaluated and the related
divergences can be quickly extracted out. The divergences of the Tr ln✷ in the Eq. (44)
are given as
1
2
ǫ¯T r ln✷V = −20
3
H1 − (2g
2 +G2)
16
V 4k′2R22 , (59)
10
12
ǫ¯T r ln✷ξξ = +
g2
12
H1 +
g
′2
12
H2 +
1
12
L1 − 1
24
L2 − 1
24
L3
− 1
12
L4 + 1
48
L5 − k′R2G
2g
′2
32
V 2Z · Z
+k′R2
g2 +G2
32
V 2OWZ − k′2R22
2g2 +G2
64
V 4
−3
4
σ22,HK + σ2,HK
[
k′R2
2g2 +G2
8
V 2 − OWZ
4
]
, (60)
1
2
ǫ¯T r ln✷hh = −k
′2
16
L5 − k
′
16
[λ4V
2 + 4E2V + 2E1]OWZ
−λ
2
4
16
V 4 − λ4
2
E2V 3 − 4E
2
2 + E0λ4
4
V 2 − E0E1V − E
2
1
4
, (61)
−ǫ¯T r ln✷c¯c = = −2
3
H1 +
G2 + 2g2
32
k′2R22V
4 . (62)
The divergence terms from the mixing terms need some labor. But to conduct the cal-
culation in the coordinate space can simplify the calculation to a considerable degree.
With the formula given in the last section, contributions of the mixing terms with two
propagators can be easily extracted as
− ǫ¯
2
Tr(
⇀
Xξ✷
−1
V V
↼
Xξ✷
−1
ξξ ) =
G2g
′2
8
(v22 + k
′V 2)Z · ZV 2 − g
2 +G2
8
(v22 + k
′V 2)OWZ
−k′ 1
2R2
(2g2 +G2)∂h · ∂h , (63)
− ǫ¯
2
Tr(
⇀
Xh✷
−1
V
↼
Xh✷
−1
hh ) = −k′2
g2g
′2
8
Z · ZV 2 − k′2 g
2
8
V 2OWZ , (64)
− ǫ¯
2
Tr(Xhξ✷
−1
ξξ Xξh✷
−1
hh ) = −
1
2
(tBB1 + tBB2 + tBC1 + tBC2 + tCC) , (65)
tBB1 =
k′
R2
{
− g
2
6
H1 − g
′2
6
H2 +
1
6
L1 + 1
6
L2 + 1
6
L3 + 1
6
L4
−1
6
L5 − 1
2
g′4
G4
[
L6 − La
]}
−k′ G
2
4R2
(∂ · Z)2 − g
2
2R2
(d ·W+)(d ·W−)
−ik′ g
2g
′2
GR2
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] , (66)
tBB2 = − k
′
R2
{
1
4
L2 + 1
4
L3 + 1
2
L4
−(1
2
− k
′
4
)L5
}
− k′2G
2g
′2
16
V 2Z · Z
11
+[− k
′
16
(k′R2g
2 + 2λ4)V
2 − k
′
4R2
(2E2V + E1)]OWZ
+
k′
4R2
σ2,HKOWZ , (67)
tBC1 =
k′
R2
g′4
G4
(L6 − La) + k
′
R2
G2
2
(∂ · Z)2 + g2(d ·W+)(d ·W−)
−i k
′
R2
g2g
′2
G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)] , (68)
tBC2 =
g′4
G4
k′R2(R2 − 1)2
(
L6 −La
)
+
1
2
k′R2(R2 − 1)2
[
G2(∂ · Z)2 + 2g2(d ·W+)(d ·W−)
]
+i
g2g′2
G
k′R2(R2 − 1)2
[
(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)
]
tCC = k
′(2− R2)
{
− 1
2
g′4
G4
[
L6 − La
]
−G
2
4
(∂ · Z)2 − g
2
2
(d ·W+)(d ·W−)
+i
g2g
′2
2G
[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)]
}
. (69)
The divergences of the four propagators term is given as
− ǫ¯
4
Tr(Xhξ✷
−1
ξξ Xξh✷
−1
hhXhξ✷
−1
ξξ Xξh✷
−1
hh ) = −
k′2
24R22
(
2L
)
△
+ L▽ , (70)
The sum over all contributions yields the following total divergence structures as
ǫ¯Dtot = ǫ¯(D
KR
tot +D
AN
tot ) (71)
DKRtot = D
KR
σ˜
+DKRσ
DKR
σ˜
= −43
6
g2H1 +
1
6
g
′2H2
−32g
2 +G2
32
V 2OWZ − 2g
2 +G2
2
∂h · ∂h− E
2
1
4
−1
2
(2E22 + 3E1E3)V 2 −
3
64
[
(2g2 +G2) + 48E23
]
V 4
− 3
16
L5 − E2E1V − 1
2
E2E3V 3 (72)
DKRσ = −
3
4
σ22,HK,0 +
1
8
σ2,HK,0
[
(2g2 +G2)V 2 − 3OWZ
]
, (73)
DANtot = D
AN
L +D
AN
σ +D
AN
Mass +D
AN
SF +D
AN
GF +D
AN
V
DANL = (
k′
R2
− 1)
{
g2
12
H1 +
g′2
12
H2 − 1
12
L1 + 1
24
L2 + 1
24
L3 − ( k
′
R2
− 1) 1
12
L4
}
12
+
1
48R22
[
k′2
(
− 3R22 + 6R2 − 2
)
− 8R2k′ + 7R22
]
L5
−k
′g′4
4G4
(R2 − 1)2(2R22 + 1)
(
L6 − La
)
DANσ = −
3
4
(σ2
2,HK − σ22,HK,0)−
1
8
[(k′ + 2)σ2,HK − 3σ2,HK,0]OWZ
+
2g2 +G2
8
V2(k′R2σ2,HK − σ2,HK,0)
DANMass = −3
G2g′2
32
k′(k′ −R2)V 2Z · Z
+
1
32R2
{
V 2
[
− 3g2R2k′2 − k′
(
3(g2 +G2)R22 + 2λ4(R2 − 1)
)
+3R2(2g
2 +G2)
]
+ V 8k′E1(R2 − 1) + 4k′E0(R2 − 1)
}
OWZ
DANSF = i
g2g′2
GR2
k′(R2 − 1)2(2R22 + 1)[(d ·W+)(W− · Z)− (d ·W−)(W+ · Z)]
DANGF = −
k′
8R2
(R2 − 1)2(2R22 + 1)[G2∂ · Z + 2g2(d ·W+)(d ·W−)]
DANV = −
3
64
(2g2 +G2)(k′2R22 − 1)V 4 . (74)
The above equations are exact, and have not expand around the total vacuum expectation
value, V0. The D
KR
tot contains all terms independent of k
′ and R2, but dependent on the
anomalous couplings of the Higgs potential. When the anomalous couplings of the Higgs
potential vanish, the DKRtot just reduce the one loop divergence structure of the SM. The
DANtot includes all terms with k
′ and R2 expand around units of the SM, and it also contains
some terms dependent on the anomalous couplings of the Higgs potential. In the following
limit,
R2 → 1, k′ → 1 . (75)
each terms of the DANtot vanishes.
By using the equation of motion of the background Higgs field, we get
DKRσ =
3
16
L5 − 2g
2 +G2
32
V 2OWZ − 3
4
E20
V 2
− 3
2
E0E1
V
− 3
4
(
E22 + 2E0E2
)
−1
8
(
E0(2g2 +G2) + 12E1E2 + 12E0E3
)
V
−1
8
(
2E1(2g2 +G2) + 6E22 + 12E1E3
)
V 2
−1
8
E2
(
2g2 +G2 + 12E3
)
V 3 − 1
8
E3
(
2g2 +G2 + 6E3
)
V 4 . (76)
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The L5 in DKRσ just cancel that in the Eq. (72). When the anomalous couplings in
the Higgs potential vanish, the DKRtot just the master equation of the SM, and no extra
divergence will appear.
The DANL , D
AN
σ , D
AN
SF , and D
AN
GF contains the anomalous operators of the vector boson
sector up to O(p4). The DANSF and D
AN
GF
1 indicate that the anomalous operators L11, L12,
and L13, should be included when there are anomalous couplings in Higgs sector, and the
equation of motion of vector bosons can not eliminate out these terms. As pointed out in
the literature [8], these three anomalous operators are just related with the Rb, B
0 − B¯0
mixing, and b → s transitions. The DANMass will contribute the parameter ρ, and such a
fact indicates to formulate a set of complete operators, the mass term of Z bosons with
the following form
ρ1 − 1
4
k′(h+ v1)
2tr[T Vµ]2 + ρ2 − 1
4
v22tr[T Vµ]2 (77)
must be added to the effective Lagrangian at the O(p2) order.
The DANσ is very complicated, so here we expand it and keep only the terms up to
O(p4), which read
DANσ = D
AN
L +D
AN
WZ +D
AN
HK +D
AN
HP
DANL = −
1
16
[
k4 − 4
(
2k′ + 1
)
k2 + 12k′2 + 8k′ − 9
]
L5
DANWZ = [D
AN
WZ,0 +D
AN
WZ,1 +D
AN
WZ,2]OWZ
DANWZ,0 = V
2
0
(2g2 +G2)(k2(k′2 + 1)− 2k′3)
32k′2
DANWZ,1 = 2V0hk
[
(2g2 +G2)(1− k′2)
32k′
+
m2H
8k2V 20
(
(k′ − 1)k4
+(5k′ + 1)k2 − 6k′(k′2 + k′ − 1)
)]
DANWZ,2 = k
′h
2
[
− (2g
2 +G2)(k′2 − 1)
32k′
+
λ3
8kk′V0
(
(k′ − 1)k4 + (5k′ + 1)k2
−6k′(k′2 + k′ − 1)
)
+
m2H
4k2k′V 20
(
− 4(k′ − 1)k6
+(3k′2 − 13k′ − 2)k4 + k′(5k′ + 1)k2 + 6k′2(k′2 + k′ − 1)
)]
DANHK =
(2g2 +G2)(k2 − k′)(2k2 − k′)
4k2
∂h · ∂h
1here the mass eigenstates should be understood as the combination of the Stueckelberg fields
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DANHP = D
AN
HP,1 +D
AN
HP,2 +D
AN
HP,3 +D
AN
HP,4
DANHP,1 =
(2g2 +G2)
(
k2(k′ + 1)− 2k′3
)
8kk′
m2Hλ3h
DANHP,2 =
{[
k4(4k′ − 3)− 4k′k2(2k′2 − 3k′ − 2)
+k′2(−12k′2 − 16k′ + 15)
]
m4H
4k2V 20
+
2g2 +G2
8k2
(
2k′3 + k2(−4k′2 + k′ + 1)
)
m2H
+
2g2 +G2
16kk′
(
k2(k′ + 1)− 2k′3
)
V0λ3
}
h
2
DANHP,3 =
{
2g2 +G2
48kk′
[
k2(k′ + 1)− 2k′3
]
λ4V0 +
[
m4H
2k3V 30
(
k6(6− 8k′)
+k′k4(8k′2 − 8k′ − 11) + k′3(12k′2 + 16k′ − 15)
)
+
(2g2 +G2)m2H
4k3V0
(
(k2 − k′)k′
)]
+
(2g2 +G2)λ3
16k2
[
2k′3 + k2(−4k′2 + k′ + 1)
]
+
λ3m
2
H
4k2V 20
[
k4(4k′ − 3)− 4k′k2(2k′2 − 3k′ − 2)
+k′2(−12k′2 − 16k′ + 15)
]}
h
3
DANHP,4 =
{
2g2 +G2
48k2
[
2k′3 + k2(−4k′2 + k′ + 1)
]
λ4
+
[
m4H
4k4V 40
(
12k8(4k′ − 3) + 2k′k6(−16k′2 + 4k′ + 31)
+k′2k4(8k′2 − 8k′ − 11)− 3k′4(12k′2 + 16k′ − 15)
)
+
m2H
12k4V 20
(
k′4(2g2 +G2)(k′ − k2) + k2λ4[k4(4k′ − 3)
−4k′k2(2k′2 − 3k′ − 2) + k′2(−12k′2 − 16k′ + 15)]
)]
+
[
λ23
16k2V 20
(
k4(4k′ − 3)− 4k′k2(2k′2 − 3k′ − 2)
+k′2(−12k′2 − 16k′ + 15)
)
+
(2g2 +G2)λ3
8k3V0
(
k′3(k2 − k′)
)]
+
λ3m
2
H
2k3V 30
[
k6(6− 8k′) + k4k′(8k′2 − 8k′ − 11)
15
+k′3(12k′2 + 16k′ − 15)
]}
h
4
+ · · · . (78)
In this step, we have expanded 1/V and R2 and one of the important expansions is
provided below
k′
R2
− 1 = (k2 − 1)− 2k(k2 − k′) h
V0
+ (k2 − k′)(4k2 − k′) h
2
2V 20
+ · · · . (79)
The DANWZ,0, D
AN
WZ,1 and D
AN
WZ,2 determine the renormalization constants of the vacuum
expectation value V0, the anomalous couplings k and k
′, respectively. One feature is
remarkable, that the mass of the Higgs scalar contributes to the renormalization constants
of these two anomalous couplings.
The DANHP,i are related with the renormalization of the Higgs potential. Again, the
mass of the Higgs scalar contributes to both the triple and quartic couplings of Higgs
sector.
As careful readers have noted, we have not specify the dimension of the background
Higgs field in our auxiliary counting rule. Due to the fact that the vacuum and the
background Higgs field are originated from the same source, it is difficult to determine a
consistent Higgs field’s dimension, the traditional momentum counting rule is also invalid
in this case. Here after expanding the R2, we omit those operators proportional to h/V0
and only keep those operators with mass dimension 4— i.e. operators up to the marginal
operators in the Wilsonian renormalization framework [10].
Expanding 1/V around R2 with respect to h/V0, some terms in D
KR
σ and all terms
of DANσ will induce infinite divergence tower with infinite h. Like those in the bosonic
sector O(p4) [1], the anomalous couplings of the Higgs sector up to O(p2) also induce
infinite divergence structures, even though at the one loop level. Such a fact is not a
surprise, as these anomalous couplings violate the requirement of the renormalizability of
the theory. However, as the basic idea of effective theory prescribed [11], these operators
still respect the symmetry of the dynamic system. If we include all possible operators
permitted by the specified symmetries (Lorentz symmetry and gauge symmetries), these
infinite operators still might form a set of complete operators, and can be regarded as
renormalizable, according to [12], though infinite renormalization conditions are needed
in order to determine the infinite couplings of the theory, though the prediction power of
the theory is as good as the ordinary renormalizable with finite number of couplings.
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VI. DISCUSSIONS AND CONCLUSIONS
We have studied the one loop divergence structures of the effective Higgs sector up
to O(p2). Some features of the divergences of this unrenormalizable theory are revealed.
We have found that, up to O(p4), the mass term of Z boson and the whole EWCL of
bosonic sector are necessary to define a set of complete operators at the O(p4) order, even
those terms which might be eliminated by the equation of motion of vector bosons in the
EWCL O(p4) should be included.
We will study the renormalization and provide the complete one loop renormalization
group equations of the extended EWCL with effective Higgs sector up to O(p4) [9].
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